The aim of this paper is to classify all invariant generalized complex structure on a partial flag manifold F Θ with at most four isotropy summands. To classify them all we proved that an invariant generalized almost complex structure on F Θ is 'constant' in each component of the isotropy representation.
Introduction
The subject matter of this paper are invariant generalized complex structures on partial flag manifolds of semisimple Lie groups. A generalized complex structure is a differential geometric structure introduced by Hitchin in [H] and further developed by Gualtieri [G1] , with the purpose of studying complex and symplectic structures in a unique framework. We refer to Guatieri [G1] , [G2] and Cavalcanti [C] for the foundations of the theory of generalized complex structures.
In this paper we consider partial flag manifolds of complex Lie groups, sometimes it is also called generalized flag manifolds. Let g be a complex semisimple Lie algebra, G be a connected Lie group with Lie algebra g. Then a partial flag manifold is the homogeneous space F Θ = G/P Θ where P Θ is a parabolic subgroup associated to the parabolic subalgebra p Θ . If U is a compact real form of G then U acts transitively on F Θ so that we have also the homogeneous space F Θ = U/K where K = P Θ ∩ U is the centralizer of a torus. We are concerned with U-invariant generalized complex structures on F Θ .
Our approach to study invariant generalized complex structures on F Θ is to reduce the problem at the origin. In [VS] the authors give a description of all invariant generalized complex structures on a maximal flag manifold, that is, when Θ = ∅. It is done restricting the invariant generalized complex structure J to the subspace u α ⊕ u * α for each positive root α, we denote such restriction by J α . They proved that there are only two types of generalized complex structure on u α ⊕ u * α , complex and noncomplex type. There exists a complete classification of all partial flag manifolds with two, three and four isotropy summands, see [AC1] , [K] and [AC2] . Based on this classification our problem reduce to study what happen in an irreducible component of the isotropy representation. It is known that an invariant complex structure on a partial flag manifold can be described by signs, that is, if J is an invariant complex structure on a flag manifold F Θ , then J(X α ) = ε α iX α where ε α = ±1. Moreover, if m j is an irreducible component of the isotropy representation, it is known that ε α is constant inside m j . Analogously, it is also known, that an invariant metric on F Θ is constant inside an irreducible component of the isotropy representation. Motivated by these results it is reasonable to expect that, somehow, an invariant generalized complex structure J on a partial flag manifold F Θ is 'constant' when restricted to m j ⊕ m * j , where m j is an irreducible component of the isotropy representation.
In this approach the first step is to determine the behaviour of an invariant generalized complex structure J on a partial flag manifold F Θ restricted to m j ⊕m * j , where m j is an irreducible component of the isotropy representation. Relying on the invariance of J we proved that the restriction J | m j ⊕m * j has constant type, that is, if α is a positive root in the sum m j = β u β such that J α is of (non)complex type, then J β is also of non(complex) type for all β appearing in the sum m j = β u β . The proof of this fact has an independent interest of the classification presented in this paper.
Once we have the description of the invariant generalized complex structures on a partial flag manifold and we have the classification of all partial flag manifolds with at most four isotropy summands, we proceed to analyze the integrability of such structures. In [VS] the authors proved that the integrability of an invariant generalized complex structure depends on triples of roots (α, β, α + β) by means of analyzing the Nijenhuis operator restricted to the i-eigenbundle of the triple (J α , J β , J α+β ).
The paper is organized as follows: In Section 2 we study the structure of a partial flag manifold F Θ = G/P Θ of a semisimple Lie group G. In particular, we present a way to describe the components of the isotropy representation. In Section 3 we recall some basic concepts of generalized complex geometry. We also present the classification of the invariant generalized complex structures on maximal flag manifolds in order to describe such structures on partial flag manifolds. In the end of this section we prove that an invariant generalized complex structure on F Θ is 'constant' inside the components of the isotropy representation. In Section 4 we present the classification of all flag manifolds with two, three and four isotropy summands and we classify all invariant integrable generalized complex structures on these flag manifolds.
Partial Flag Manifolds
Let g be a semisimple Lie algebra and G be a connected Lie group with Lie algebra g. Given h a Cartan subalgebra of g, let Π be a root system of g relative to h. We can decompose g as
The Cartan-Killing form X, Y = tr(ad(X) ad(Y )) of g is nondegenerate on h. Given α ∈ h * we let H α be defined by α(·) = H α , · , and denote by h R the real subspace generated by H α , α ∈ Π.
Let Π + ⊂ Π be a choice of positive roots and denote by Σ the corresponding simple root system.
We will say that a subalgebra p of g is a parabolic subalgebra when it contains the Borel subalgebra, that is, b ⊂ p.
Let Θ be a subset of Σ and denote by Θ the set of roots generated by Θ, that is, if Θ = {α i 1 , · · · , α i k } and α is a root such that α ∈ Θ then α = k i=1 n i α j 1 for some n i ∈ Z. Let Θ + = Π + ∩ Θ , then we have that
In particular, if Θ = ∅ we have p Θ = b. In this case F Θ = F is called maximal flag manifold.
Let u be a compact real form of g, to know, the real subalgebra
. Denote by U = exp u the correspondent compact real form of G. Then the real representation F Θ = U/K is obtained by the transitive action of U on G/P Θ , where the closed connected subgroup K = P Θ ∩ U can be identified with the centralizer C(T ) of a torus T ⊂ U. We have that k = p Θ ∩ u is the Lie algebra of K and set m the orthogonal complement of k on u, that is, u = k ⊕ m. Thus, the tangent space of F Θ at the origin can be identified with m.
Since F Θ is a reductive homogeneous space, the isotropy representation of K on the tangent space of F Θ at the origin is equivalent to the adjoint representation Ad | K restricted to m. It is known that this representation is completely reductive, so we can decompose m into mutually non equivalent irreducible Ad(K)-module as
where m i is an irreducible component of the isotropy representation, for each i = 1, · · · , s.
Let Σ = {α 1 , · · · , α l } and Θ = {α i 1 , · · · , α i k } ⊂ Σ, then we can write Σ\Θ = {α j 1 , · · · , α jr } where k+r = l. For integers s 1 , · · · , s r with (s 1 , · · · , s r ) = (0, · · · , 0) we set Π m (s 1 , · · · , s r ) = l i=1 n i α i ∈ Π + : n j 1 = s 1 , · · · , n jr = s r .
Π m (s 1 , · · · , s r ). It was proved in [ACS] that for Π m (s 1 , · · · , s r ) = ∅ we define an Ad(K)-invariant subspace m(s 1 , · · · , s r ) of u by m(s 1 , · · · , s r ) =
Moreover, they proved that we have a decomposition of m into mutually non equivalent irreducible Ad(K)-module given by m = s 1 ,··· ,sr m(s 1 , · · · , s r )
Example: Let G be a Lie group with Lie algebra g of type B 3 . Then we have Σ = {α 1 , α 2 , α 3 } a simple root system and Π + = {α 1 , α 2 , α 3 , α 1 + α 2 , α 2 + α 3 , α 1 + α 2 + α 3 , α 2 + 2α 3 , α 1 + α 2 + 2α 3 , α 1 + 2α 2 + 2α 3 } the set of positive roots. Let Θ = {α 3 } and let F Θ be the corresponding flag manifold. We have that m decomposes into four non equivalent irreducible components, that is, m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 . In fact, following the notation fixed above, we have Π m (1, 0) = {α 1 }, Π m (0, 1) = {α 2 , α 2 + α 3 , α 2 + 2α 3 }, Π m (1, 1) = {α 1 + α 2 , α 1 + α 2 + α 3 , α 1 + α 2 + 2α 3 } and Π m (1, 2) = {α 1 + 2α 2 + 2α 3 }. Therefore m 1 = m(1, 0) = u α 1 , m 2 = m(0, 1) = u α 2 ⊕ u α 2 +α 3 ⊕ u α 2 +2α 3 , m 3 = m(1, 1) = u α 1 +α 2 ⊕ u α 1 +α 2 +α 3 ⊕ u α 1 +α 2 +2α 3 and m 4 = m(1, 2) = u α 1 +2α 2 +2α 3 . Now, for each α i ∈ Σ consider its dual H i , that is, α i (H j ) = δ ij . Let H 0 = a 1 H j 1 + · · · + a r H jr be a generic element of the positive Weyl chamber. It is clear that α(H 0 ) = 0 for all α ∈ Π\ Θ and [H 0 , X] = α(H 0 )X for all X ∈ m. Then we can describe the irreducible components of m by the nonzero eigenvalues of ad(H 0 ). That is, given α ∈ Π + where α = l i=1 n i α i , then we have that ad(H 0 )X = α(H 0 )X = (n j 1 a 1 + · · · + n jr a r )X for X ∈ u α .
Observe that
is a decomposition of m into mutually non equivalent irreducible Ad(K)module, where each m(s 1 , · · · , s r ) is related to an eigenvalue of ad(H 0 ).
Example: Let G be a Lie group with Lie algebra g of type B 3 . Then we have Σ = {α 1 , α 2 , α 3 } a simple root system and Π + = {α 1 , α 2 , α 3 , α 1 + α 2 , α 2 + α 3 , α 1 + α 2 + α 3 , α 2 + 2α 3 , α 1 + α 2 + 2α 3 , α 1 + 2α 2 + 2α 3 } the set of positive roots. Let Θ = {α 3 } and let F Θ be the corresponding flag manifold. Let H 0 = a 1 α 1 + a 2 α 2 be a generic element of the positive Weyl chamber. It is easy to prove that α 1
Summing up, to get the decomposition of m into mutually non equivalent irreducible Ad(K)-module is enough to look for the eigenvalues of ad(H 0 ), where H 0 is a generic element of the positive Weyl chamber.
Generalized Complex Geometry
In this section we introduce the basic definitions of generalized complex geometry. For more details see Gualtieri [G1] . Let M be a smooth n-dimensional manifold, then the sum of the tangent and cotangent bundle T M ⊕ T * M is endowed with a natural symmetric bilinear form with signature (n, n) defined by
Furthermore, the Courant bracket is a skew-symmetric bracket defined on smooth sections of T M ⊕ T * M by
Definition 3.1 A generalized almost complex structure on M is a map J : T M⊕ T * M → T M ⊕ T * M such that J 2 = −1 and J is an isometry of the bilinear form ·, · . The generalized almost complex structure J is said to be integrable to a generalized complex structure when its i-eigenbundle
Note that, given L a maximal isotropic sub-bundle of T M ⊕ T * M (or its complexification) then L is Courant involutive if and only if Nij | L = 0, where Nij is the Nijenhuis operator defined by
Example:
The basic examples of generalized complex structures come from complex and symplectic structures. If J and ω are complex and symplectic structures respectively on M, then
In [VS] is presented a description of the invariant generalized complex structures on maximal flag manifolds, aiming to describe this structures we identify u ∼ = u * and u α ∼ = u * α by means of the Kirillov-Kostant-Souriau (KKS) symplectic form on Ad(U)(H) which at the origin b 0 is given by
for all X, Y ∈ u and where X = ad(X) denotes de fundamental vector field associated to the adjoint action. The elements of u * α will be denoted by A * α and S * α where
For every α ∈ Π + , we will write all our object restrict to u α ⊕ u * α in terms of the basis {A α , S α , −S * α , A * α }. As a first consequence of these identifications we get that for triples of roots α, β, γ ∈ Π + , the Nijenhuis tensor (1) can be rewritten as
The invariant generalized almost complex structures J on F are those whose restriction to u α ⊕ u * α have the form either
Notation: Let J be an invariant almost generalized complex structure on a flag manifold F. We will denote by J α the restriction of J to u α ⊕ u * α .
The integrability of the invariant generalized almost complex structures given above depends on analyzing what happens with triples of the form (J α , J β , J α+β ) associated to triples of positive roots (α, β, α + β). Accordingly, we obtain that J is integrable if and only if for each triple of positive roots we have that (J α , J β , J α+β ) corresponds to one of the rows of the following table where, in last row, the following extra condition is required for integrability:
These structures are invariant by the torus action, then when we consider an invariant generalized almost complex structure J on a partial flag manifold it must be invariant by the action of a centralizer of a torus then, in particular, it is invariant by the torus action. Therefore, the statement done above for a maximal flag manifold still hold for partial flag manifolds. We must to be careful with the integrability conditions, because in a maximal flag manifold the irreducible components of m are 1-dimensional, what is not true when we consider partial flag manifolds. In some sense, it is expected J to be 'constant' on the irreducible components, that is, let m = m 1 ⊕ · · · ⊕ m s then we expect that J restricted to m i ⊕ m * i be 'constant'.
Proposition 3.2 Let F Θ be a partial flag manifold and J be an invariant generalized almost complex structure on F Θ . Suppose that m = m 1 ⊕ · · · ⊕ m s . Then J restricted to m i ⊕ m * i has constant type, that is, if α and β are associated to m i , then J α and J β has the same type (complex or noncomplex type), for all i = 1, · · · , s. Moreover, J α = J β .
Proof: Consider m k an irreducible component of m and, abusing the notation, let α, β ∈ m k . It is well known that there is a root γ ∈ Θ such that
Thus, on the matrix of (ad ⊕ ad * )(A γ ) appears a block of the form
Since J is an invariant generalized almost complex structure, then J must commute with (ad ⊕ ad * )(A γ )| m⊕m * , that is, we must have
But, if equation (4) is satisfied then we have
From (5) we get that J α and J β have the same type. Moreover, (5) ensure that J α = J β .
Notation: For simplicity, we will abuse the notation and write α ∈ m i when α is a root that appears in the sum m i = β u β .
Therefore, we conclude that an invariant generalized almost complex structure J on F Θ is 'constant' when restricted to m k . In this case, constant means that J have the same type on m k ⊕ m * k , that is, J α has the same type for all α ∈ m k . More than that, we have J α = J β for all α, β ∈ m k .
Invariant Generalized Complex Structures on F Θ
The aim of this section is to analyse the integrability conditions of an invariant generalized almost complex structure J on a partial flag manifold F Θ . We know that the integrability condition is given analysing a triple of roots (α, β, α + β). For each triple of roots (α, β, α + β) we have two possibilities:
The first case is when α, β ∈ m i and α + β ∈ m j , with i = j. If J is integrable, by Table 1, we must have J | m i ⊕m * i and J | m j ⊕m * j of the same type.
Proposition 4.1 Let J be an invariant generalized almost complex structure on F Θ , where m = m 1 ⊕ · · · ⊕ m s . If J is integrable and there exists a triple of roots (α, β, α + β) such that α, β ∈ m i and α + β ∈ m j with i = j, then J | m i ⊕m * i and J | m j ⊕m * j have the same type.
In particular: Remark: Observe that if J is an invariant generalized complex structure on a flag manifold F Θ such that m = m 1 ⊕ m 2 , by Corollary 4.2, we have that J α is of the same type for all root α. If J α is of complex type, then we have that J α = J 0 or J α = −J 0 for every positive root α.
In [AC1] the authors classified all flag manifold with two isotropy summands, this classification is presented in the following table: Therefore, let J be an invariant generalized almost complex structure on F Θ , where F Θ is one of the flag manifolds in the table above. Then J is integrable if and only if J α is of the same type for all α ∈ Π\ Θ . One example of this is presented now:
Example: Let F Θ be a partial flag manifold of type B 2 generated by Θ = {α}, where α ∈ Σ is the long root. In this case,
where m 1 = u β ⊕ u α+β and m 2 = u α+2β . Let J be an invariant generalized almost complex structure on F Θ . If J is integrable, we have that J β , J α+β and J α+2β are of the same type, complex or noncomplex.
The second case is when α ∈ m i , β ∈ m j and α + β ∈ m k , with i, j, k mutually distinct. In this case we have more possibilities, actually we have all the possible rows from Table 1 .
Our aim is to classify all invariant generalized complex structures on flag manifold with two, three and four isotropy summands. The case with two isotropy summands we have already done. In the papers [K] and [AC2] there is a complete classification of the partial flag manifolds with three and four isotropy summands, respectively. We present this classification on the following table: where the second column of the Table 3 indicates the number of irreducible components of the isotropy representation and the third column give the set Σ\Θ, where Θ is the subset of Σ which defines F Θ .
Recall that the height of a simple root α i is the positive integer m i that appears on the highest rootα = l j=1 m j α j of Π + . Define the function ht : Σ → Z, ht(α i ) = m i . In [AC1] the authors classified all flag manifolds with two isotropy summands. This was done considering Σ\Θ = {α i | ht(α i ) = 2}. In [K] , the author obtained all flag manifold with three isotropy summands, by
The classification of all flag manifolds with four isotropy summands given in [AC2] was done considering Σ\Θ = {α i | ht(α i ) = 4} or {α i , α j | ht(α i ) = 1 and ht(α j ) = 2}.
Remark: Corollary 4.2 characterize all invariant generalized complex structures on flag manifolds with two isotropy summands.
If the flag manifold F Θ is such that Σ\Θ = {α i } we can prove a result analogous to Corollary 4.2. But first, let us prove the following: Lemma 4.3 Let F Θ be a partial flag manifold where Θ = Σ\{α i 0 }. Suppose that ht(α i 0 ) = n, then m is decomposed into n mutually non equivalent irreducible components, that is, m = m 1 ⊕ · · · ⊕ m n .
Proof: Let F Θ be a flag manifold where Σ\Θ = {α i 0 } for some i 0 ∈ {1, · · · , l}. Let H 0 = a i 0 H i 0 be a generic element of the positive Weyl chamber. Since ht(α i 0 ) = n we will have exactly n distinct eigenvalues of ad(H 0 ). In fact, given j ∈ {1, · · · , n} we always have at least one root α ∈ Π + such that α = l k=1 n k α k with n i 0 = j and therefore α(H 0 ) = ja i 0 , proving that ad(H 0 ) has n eigenvalues. Since the number of irreducible components is the number of eigenvalues of ad(H 0 ), we have proved that m is decomposed into n irreducible components.
Using this result we can prove the following. Proof: Let F Θ be a partial flag manifold where Θ = Σ\{α i 0 } and suppose that ht(α i 0 ) = n ≥ 3, because n = 1 is trivial and n = 2 is given by Corollary 4.2. Then, by Lemma 4.3, we have that m = m 1 ⊕ · · · ⊕ m n . Set m j the component associated to the eigenvalue α(H 0 ) = ja i 0 , where H 0 = a i 0 H i 0 is a generic element of the positive Weyl chamber. Thus given α, β ∈ m 1 such that α+β is a root, then we must have α+β ∈ m 2 , because (α+β)(H 0 ) = 2a i 0 . Thus, if J is an invariant generalized (integrable) complex structure on F Θ , by Table 1 , we must have J | m 1 ⊕m * 1 and J | m 2 ⊕m * 2 of same type. Suppose that for j ≥ 1 we have J | m 1 ⊕m * 1 , · · · , J | m j ⊕m * j are of the same type and let us prove that J | m j+1 ⊕m * j+1 must be of the same type. Let α ∈ m 1 and β ∈ m j such that α + β is also a root, then we must have that α + β ∈ m j+1 . Since J | m 1 ⊕m * 1 and J | m j ⊕m * j have the same type, follows from Table 1 that J | m j+1 ⊕m * j+1 has the same type of them.
Observe that Proposition 4.4 covers most cases in Table 3 , it remains only nine cases to analyse. We will do it case by case, analysing each type of algebra associated to F Θ .
Type A l
The Lie algebra of type A l has Dynkin diagram α 1 α 2 α l−1 α l and it is associated to the algebra sl(l + 1). A Cartan subalgebra is the diagonal matrices with trace zero. The roots are λ i − λ j , with i = j, where λ i is given by
A simple root system is given by
and the positive roots are
Using the notation Σ = {α 1 , α 2 , · · · , α l }, where α i = λ i − λ i+1 , we can write the positive roots as linear combination of the simple roots by
In Table 3 , A l appears only in one case, to know, F Θ = SU(l 1 + l 2 + l 3 )/S(U(l 1 ) × U(l 2 ) × U(l 3 )). In this case, we have Θ = Σ\{α l 1 , α l 2 } in which m has three irreducible components m 1 , m 2 and m 3 . Thus the components are described by:
where l = l 1 + l 2 + l 3 . Therefore, given a triple of roots (α, β, α + β), it is immediate to see that α ∈ m 1 , β ∈ m 2 and α + β ∈ m 3 . Thus, given J an invariant generalized almost complex structure on F Θ , we have that if J is integrable then J is given by Table 1 , that is, is one of the rows on the following table:
is the Dynkin diagram of the algebra so(2l+1) = {A ∈ sl(2l+1) | A+A t = 0} whose dimension is (2l+1)2l 2 = l(2l + 1). A Cartan subalgebra h is the one dimensional subalgebra of the diagonal matrices in so(2l + 1), that is, H ∈ h if and only if H is of the form
with Λ being an arbitrary diagonal l × l matrix. Let λ i , i = 1, · · · , l, be the functional λ i : diag(a 1 , · · · , a l ) −→ a i .
The roots are given by:
• ±λ j with j = 1, · · · , l;
• ±(λ i − λ j ) with 1 ≤ i < j ≤ l;
The positive roots are λ j for j = 1, · · · , l, λ i − λ j with i < j and λ i + λ j with i = j. If we use the notation Σ = {α 1 , · · · , α l−1 , α l }, the positive roots can be written as
The type B l also appears only once in Table 3 , to know, F Θ = SO(2l + 1)/U(1) × U(1) × SO(2l − 3) with l ≥ 2, where Θ = Σ\{α 1 , α 2 }. In this case, m has four irreducible components, that is, m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 in which
Now, observe that if α 1 ∈ m 1 and β ∈ m 2 then α 1 + β ∈ m 3 . Analogously, it is possible to see that there are roots β ∈ m 2 and γ ∈ m 3 such that β + γ ∈ m 4 . Thus, given J an invariant generalized almost complex structure on F Θ , we have that if J is integrable, then it is one of the following possibilities:
A Cartan subalgebra h is the subalgebra of diagonal matrices in sp(l), that is, the elements H ∈ h are of the form H = Λ 0 0 −Λ with Λ = diag(a 1 , · · · , a l ) an arbitrary diagonal l × l matrix. Thus, the roots are given by:
• ±(λ i + λ j ) for i, j = 1, · · · , l. In particular, we have that ±2λ i is a root. A simple root system is given by
The positive roots are λ i − λ j with i < j e λ i + λ j . Using the notation Σ = {α 1 , · · · , α l−1 , α l }, we have that the positive roots can be written as:
Analogous to the B l case, we have one flag manifold in Table 3 , this flag manifold is given by F Θ = Sp(l)/U(p)×U(l −p) with l ≥ 2 and 2 ≤ p ≤ l −2, where Θ = Σ\{α p , α l }. In this case we have m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 . To know,
It is easy to see that if α ∈ m 1 and β ∈ m 2 with α + β root, then α + β ∈ m 3 . And, analogously, if α ∈ m 2 and β ∈ m 3 with α + β root, then α + β ∈ m 4 . This way we obtain a case analogous to B l , that is, if J is an invariant integrable generalized complex structure on F Θ , then it must be one of the following cases:
A Cartan subalgebra h is the subalgebra of diagonal matrices, where its elements are written as H = Λ 0 0 −Λ with Λ = diag(a 1 , · · · , a l ) an arbitrary diagonal matrix. The roots are given by:
A simple root system is given by:
The positive roots are λ i − λ j com i < j e λ i + λ j with i = j. Using the notation Σ = {α 1 , · · · , α l−1 , α l }, the positive roots can be written as
In Table 3 the type D l appears three times:
The first case is a flag manifold with three summands. In this case, we have F Θ in which Θ = Σ\{α l−1 , α l } and m = m 1 ⊕ m 2 ⊕ m 3 with
Thus, it is easy to see that if α ∈ m 1 and β ∈ m 2 such that α + β is a root, then α + β ∈ m 3 . Therefore, given an invariant generalized almost complex structure J , it is integrable if and only if it is one of the following combinations:
In the second case, we have F Θ where Θ = Σ\{α 1 , α 2 } and m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 with
Thus, if J is an invariant integrable generalized complex structure, it must be one of the following structures:
The last case is given by F Θ with Θ = Σ\{α p , α l }, remembering that 2 ≤ p ≤ l − 2. In this case m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 with
Therefore J is an invariant integrable generalized complex structure on F Θ if and only if it is one of the following cases:
The second case is given by
Observe that given a triple of roots (α, β, α + β), the only options are:
• α ∈ m 1 , β ∈ m 2 and α + β ∈ m 3 ;
• α ∈ m 2 , β ∈ m 3 and α + β ∈ m 4 .
Therefore, an invariant integrable generalized complex structure on F Θ must be one of the following structures:
The algebra E 7 is represented by the Dynkin diagram E 7 α 1 α 2 α 3 α 4 α 5 α 6 α 7
and has 64 positive roots. This algebra appears 4 times in Table 3 , but we just need to analyse one case, when F Θ = E 7 /SO(10) × U(1) × U(1) with Θ = Σ\{α 1 , α 2 }. In this case, we have m = m 1 ⊕ m 2 ⊕ m 3 ⊕ m 4 where m 1 = {α 1 } m 2 = {α 2 , α 2 + α 3 , α 2 + 2α 3 + 2α 4 + 2α 5 + α 6 + α 7 , α 2 + α 3 + 2α 4 + 2α 5 + α 6 + α 7 , α 2 + α 3 + α 4 + α 5 + α 6 + α 7 , α 2 + α 3 + α 4 + α 5 , α 2 + α 3 + α 4 , α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 + α 7 , α 2 + α 3 + 2α 4 + α 5 + α 6 + α 7 , α 2 + 2α 3 + 2α 4 + α 5 + α 6 + α 7 , α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 + 2α 7 , α 2 + α 3 + α 4 + α 5 + α 6 , α 2 + α 3 + α 4 + α 5 + α 6 + α 7 , α 2 + α 3 + α 4 + α 7 , α 2 + α 3 + 2α 4 + α 5 + α 7 , α 2 + 2α 3 + 2α 4 + α 5 + α 7 } m 3 = {α 1 + α 2 , α 1 + α 2 + α 3 , α 1 + α 2 + α 3 + α 4 + α 5 + α 6 + α 7 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + α 4 + α 5 , α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + α 4 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + α 4 + α 5 + α 7 , α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 + α 7 , α 1 + α 2 + α 3 + α 4 + α 7 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 7 , α 1 + α 2 + α 3 + 2α 4 + α 5 + α 7 } m 4 = {α 1 + 2α 2 + 2α 3 + 2α 4 + 2α 5 + α 6 + α 7 , α 1 + 2α 2 + 3α 3 + 3α 4 + 2α 5 + α 6 + α 7 , α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 + α 7 , α 1 + 2α 2 + 2α 3 + 2α 4 + α 5 + α 6 + α 7 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + 2α 7 , α 1 + 2α 2 + 3α 3 + 4α 4 + 2α 5 + α 6 + 2α 7 , α 1 + 2α 2 + 3α 3 + 3α 4 + 2α 5 + α 6 + 2α 7 , α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + 2α 7 , α 1 + 2α 2 + 2α 3 + 2α 4 + α 5 + α 7 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + α 6 + 2α 7 }.
Therefore, an invariant integrable generalized complex structure on F Θ must be one of the following: Considering all the cases studied, we have covered all flag manifolds with two, three and four isotropy summands. For each case we describe all the possibilities for J an invariant generalized almost complex structure to be integrable. In particular, Proposition 4.4, cover some cases with five or six isotropy summands. The same reasoning can be used to describe the invariant generalized complex structures for other flag manifolds with more than four isotropy summands.
